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In this paper, the NJL-type model is used to investigate the color superconductivity. The four-fermion in-
teractions of the NJL-type model are Fierz-transformed into two different classes, i.e., the quark-antiquark and
the quark-quark interaction channels, associated with the chiral symmetry breaking and color superconductivity
respectively. We conclude that the weighting factor between quark-antiquark and quark-quark interaction chan-
nels has significance on the phase structure when the mean-field approximation is employed, and the baryon
number density gives a tight constraint on the weighting factor of quark-antiquark interaction channels. Be-
sides, the susceptibilities show that the color superconducting phase transition is of the second-order and takes
place before the chiral crossover transition as quark number density increases. In the end, we study the critical
temperatures Tc of the color superconductivity and it agrees with the perturbative result of diquark condensate
∆≈ 0.57Tc.
I. INTRODUCTION
It is believed that the strong interaction matter exhibits
very rich phase structures at large baryon density, i.e., the
hadronic matter is converted into the quark matter through a
de-confinement phase transition and/or a phase transition of
chiral symmetry restoration. It is known that, due to an arbi-
trary weak attraction, Fermi systems at low temperature will
become Cooper instable [1]. Such as electrons in opposite
momentum and spins are paired below the critical tempera-
ture Tc, which lower the free energy of electrons. Inspired
by the BCS theory, similar to the attraction between electrons
caused by the phonons, the quarks can also be attractive to
each other by gluons at low temperature and large baryon den-
sity. Thus, analogy to superconductivity, there exists color su-
perconductivity at large density, which may be found in the
center of compact stars [2–7]. Due to asymptotic freedom,
the running coupling is weak enough and then the perturba-
tive method can be applied so that quarks are in the BCS-type
superconducting state [8–11]. In 1984, D. Bailin and A. Love
employ the perturbative method to study color superconduc-
tivity, and the magnitude of the superconducting gap and crit-
ical temperature were found around 1 MeV [12]. However,
at the end of the 90s, the color superconductivity was investi-
gated with effective field theories and the color superconduct-
ing gaps can reach the order of 100 MeV at quark chemical
potential µ ∼ 500 MeV [13–18]. Such huge gaps play a crit-
ical role in the structure of compact stars and the QCD phase
diagram.
In this paper, the Nambu–Jona-Lasinio (NJL)-type model
is used to discuss the color superconductivity. The interac-
tions related to the color superconductivity can be obtained by
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the Fierz transformation to four-fermion interactions. In this
way, the quark-quark interaction channels under mean-field
approximation turn to diquark condensate, which can be re-
garded as the order parameter of color superconducting phase
transition. In the previous works [15–18], the coupling con-
stant of the quark-quark interaction channels is 3/4 times that
of quark-antiquark interaction channels, i.e., GD = (3/4)Gs in
[5], which can be obtained through Fierz transformation. This
assumes the original quark-antiquark interaction channels and
the Fierz transformed diquark interaction channels are equally
combined. However, since the original Lagrangian and Fierz-
transformed Lagrangian are mathematically identical, one can
in principle take a linear combination of them with weighting
factors α and 1−α respectively. It should be noted here that
the “correct” choice of the weighting factor α can be moti-
vated only by physical reasoning, not by plain mathematics.
Put differently, the Fierz transformation as such is exact, no
matter what interaction channel we choose. This is similar
to the cases of [19–23], in which the scalar interaction chan-
nel is Fierz-transformed to scalar and vector interaction chan-
nels. As has been pointed out therein, this procedure brings
change to the QCD phase transition property under the mean-
field approximation, revealing the competition among differ-
ent interaction channels within the mean-field approximation.
Analogously, we employ the same method to investigate the
color superconductivity by splitting the four-fermion interac-
tion into two parts. One is transformed into quark-antiquark
interaction channels, and the other into the form of quark-
quark interaction channels. The proportion of the first part
is set to be α and the later with 1−α . Note that the quark-
antiquark interaction channel is directly associated with the
chiral property of QCD matter. It gives rise to the chiral con-
densate, which is the order parameter of the chiral symmetry.
Meanwhile, the quark-quark interaction channel leads to the
diquark condensate, which serves as the order parameter for
superconductivity. By varying the parameter α , we study its
influence on the phase transitions of QCD matter at high den-
sity and explore more possibilities.
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2This paper is organized as follows. In section II, the ef-
fective Lagrangian of the NJL-type model is obtained, and the
propagator of the effective Lagrangian with the parameter α is
presented. In section III, The chiral gap equation as well as the
color superconducting gap equation with the parameter α are
given. And the numerical results are shown in the diagrams.
In section IV, The effect of the temperature is investigated
and the critical temperature of the color superconductivity is
remarkable compared to the chemical potential. In section V,
the conclusion is presented.
II. EFFECTIVE LAGRANGIAN
The Lagrangian of two flavor strong interacting matter from
standard model is
LQCD = q¯(iγµ∂µ −m)q+gq¯γµλaqAaµ −
1
4
FaµνF
µν
a , (1)
where Faµν = ∂µAaν −∂νAaµ +g f abcAbµAcν represents the gluon
field strength tensor, q represents the quark fields and m is
the current quark mass matrix. Under the path integral, the
gluon fields Aaµ can be integrated out, and the effective La-
grangian with only one-gluon exchange four-fermion interac-
tion are obtained [15]:
L= q¯(iγµ∂µ −m)q−g(q¯γµλaq)2. (2)
In fact the four-fermion interaction terms contain all possi-
ble interaction channels. One can always employ the Fierz
transformation to reveal these underlying interactions. For
color superconductivity, the interactions of the effective La-
grangian is separated and Fierz-transformed into two ways,
Fq¯q = (q¯Oˆq)2 and Fqq = (qOˆq)2, related to the chiral phase
transition and color superconductivity respectively. Although
Fq¯q{L} and Fqq{L} are mathematically identical, the di-
quark condensate via the mean-field approximation are ev-
idently influenced by the ratio between two ways of Fierz
transformation. This is due to the fact that Fierz transfor-
mation and mean-field approximation are not commutative.
In order to evaluate the contributions from different interac-
tion channels, the proportion α of original Lagrangian trans-
forms into the quark-antiquark interaction channels, and the
rest of original Lagrangian then turns to quark-quark interac-
tion channels which is multiplied by (1−α). Thus, the effec-
tive Lagrangian now becomes [15],
L=q¯(iγµ∂µ −m)q+αFq¯q[−g(q¯γµλaq)2]
+ (1−α)Fqq[−g(q¯γµλaq)2]. (3)
In principle, α should be constrained by experiments rather
than self-consistent mean-field approximation itself. But, due
to the lack of relevant experimental data of strongly interact-
ing matter, the real weighting factor α is uncertain, so it is set
as a free parameter from zero to one in the present manuscript.
Similarly to color superconductivity, the diquark condensate
have to satisfy the Pauli principle. We only keep such terms
where the operator between two fermion fields is asymmetric,
where the operator in color space is in color 3¯ channel [12].
L=q¯(iγµ∂µ −m+µγ0)q
+α
N2c −1
N2c
g
[
(q¯q)2− 1
2
(q¯γ0q)2
]
+(1−α)Nc+1
2Nc
g(q¯iγ5τAλA′ qc)(q¯ciγ5τAλA′ q), (4)
here, charge conjugations are introduced
qc(x) =Cq¯T (x),
q¯Tc (x) = q
T (x)C. (5)
We rewrite the effective Lagrangian:
L=1
2
[
q¯(iγµ∂µ −m+µγ0)q+ q¯c(−iγµ∂µ −m−µγ0)qc
]
+α
N2c −1
N2c
g
[
(q¯q)2− 1
2
(q¯γ0q)2
]
+(1−α)Nc+1
2Nc
g(q¯iγ5τAλA′ qc)(q¯ciγ5τAλA′ q). (6)
In order to obtain the thermodynamic properties of the quark
matter, the mean-field approximation is employed:
L=1
2
[
q¯(iγµ∂µ −M+ µ˜γ0)q+ q¯c(−iγµ∂µ −M− µ˜γ0)qc
]
+
1
2
[
q¯c(−∆∗)γ5τAλA′q+ q¯∆γ5τAλA′qc
]
−Gs〈q¯q〉2+Gv〈q¯γ0q〉2−H〈q¯iγ5τAλA′qc〉〈q¯ciγ5τAλA′q〉,
(7)
where Gs = α
N2c −1
N2c
g, Gv =
1
2
α
N2c −1
N2c
g, H = (1 −
α)
Nc+1
2Nc
g, and also
M = m−2Gs〈q¯q〉, (8)
µ˜ = µ−2Gv〈q¯γ0q〉, (9)
∆∗ = 2H〈q¯γ5τAλA′qc〉, (10)
∆=−2H〈q¯cγ5τAλA′q〉. (11)
It is clear that the parameter α determines the intensities
of chiral condensate and diquark condensate. With the de-
crease of the α , the color superconducting gap increases, and
it means that the quark-quark interaction channels dominates
the quark system. We can define a bispinor field,
Ψ(x) =
1√
2
(
q(x)
qc(x)
)
(12)
So, in the momentum space,
L=Ψ¯S−1Ψ+V, (13)
3where V is the interaction potential,
V =−Gs〈q¯q〉2+Gv〈q¯γ0q〉2−H〈q¯iγ5τAλA′qc〉〈q¯ciγ5τAλA′ q〉,
(14)
and the inverse of the propagator matrix is
S−1 =
(
/p+ µ˜γ0−M ∆γ5τAλA′
(−∆∗)γ5τAλA′ /p− µ˜γ0−M
)
. (15)
Following the Pauli principle, the diquark condensate de-
mands the operator between two fermion fields in the diquark
condensate to be asymmetric in Dirac, flavor, and color space
altogether. Hence we have diquark condensate ∆ ∝ εi jεαβ3,
where the Latin indices represent the flavors and the Greek in-
dices signify the colors. The number "3" indicates the choice
of direction in color space. For simplicity, we choose the blue
as the preferred direction, and the diquark condensate tells us
that the color symmetry is broken from SU(3) to SU(2). Thus,
the asymmetric operators are τA = τ2, λA = λ2. The propaga-
tor is
Sr =
(/p−r +Mr)
[
(/p+r +Mr)(/p
−
r −Mr)−∆2
][
p20−ω2+
][
p20−ω2−
] Pcr
Sb =
(/p+b +Mb)[
p20−E2+
][
p20−E2−
]Pcb ,
(16)
where E2p = p
2 +M2r , ω2± = (Ep± µ˜)2 +∆2 = E2±+∆2, and
Pr and Pb are the projectors on the red/green and the blue
sector in color space, respectively.
III. THERMODYNAMIC PROPERTIES
In the finite temperature field theory, the thermodynamic
potential [24–26] of quark matter is given by the propagator,
Ω(T,µ) =−T
∑
n
∫
d3p
(2pi)3
1
2
Tr ln
[ 1
T
S−1(iωn,p)
]−V.
(17)
The self-consistent solutions of these condensate correspond
to the stationary points of the thermodynamic potential,
δΩ
δσ
=
δΩ
δ µ˜
=
δΩ
δ∆
= 0. (18)
We define the condensate σ = 〈q¯q〉, n = 〈q¯q〉 and δ =
〈q¯cγ5τ2λ2′ q〉 = −〈q¯γ5τ2λ2′ qc〉. These lead to gap equations
[15],
σr =−4
∫
d3p
(2pi)3
[M(Ep− µ˜)
2Epω−
tanh(
ω−
2T
)
+
M(Ep+ µ˜)
2Epω+
tanh(
ω+
2T
)
]
, (19)
σb =−4
∫
d3p
(2pi)3
[ M
2Ep
tanh(
E−
2T
)+
M
2Ep
tanh(
E+
2T
)
]
, (20)
nr = 4
∫
d3p
(2pi)3
[ (µ˜−Ep)
2ω−
tanh(
ω−
2T
)
+
(µ˜+Ep)
2ω+
tanh(
ω+
2T
)
]
, (21)
nb = 4
∫
d3p
(2pi)3
[1
2
tanh(
E+
2T
)− 1
2
tanh(
E−
2T
)
]
, (22)
δ =−8
∫
d3p
(2pi)3
[ ∆
2ω−
tanh(
ω−
2T
)+
∆
2ω+
tanh(
ω+
2T
)
]
, (23)
where the first two equations are the chiral condensate of
red/green and blue quarks, and the form of the chiral con-
densate of the blue quarks is the same as the general NJL-type
models. The next two equations express the particle number
densities of red/green and blue quarks. The last equation man-
ifests the diquark condensate of the quark matter, which influ-
ences the chiral condensate and particle number densities. The
effective quark mass is determined by
M = m−2Gs(σr+σg+σb), (24)
µ˜ = µ−2Gv(nr+ng+nb), (25)
∆=−2Hδ , (26)
where the current quark mass is set as m = 5.5 MeV. The
parameters Gs, Gv and H are
Gs = α
N2c −1
N2c
g, Gv =
1
2
α
N2c −1
N2c
g, (27)
H = (1−α)Nc+1
2Nc
g. (28)
The bare quark mass m, the coupling constant g, and the cutoff
Λ are set to fit the pion mass, pion decay constant, and the
quark condensate. Here, we choose the set of parameters from
Ref. [27], where m= 5.5 MeV,g= 5.074×10−6 MeV−2, and
the three-momentum cutoff Λ = 631 MeV for regularization
of ultraviolet divergences.
The effective quark mass with different α’s at zero tem-
perature and finite chemical potential are exhibited in Fig. 1.
Changing the α moves the curves. Here we let the α range
from 0.4 to 0.5. When α is bigger than 0.5, the curves are
not evidently influenced by the α , and when the α is smaller
than 0.4, the chiral transition starts to take place at µ < 300
MeV, which is unphysical (See the discussion as the particle
number density below). For these reasons, we set the range
of α to be [0.4, 0.5]. As is shown in Fig. 2, large intensities
of diquark condensate not only enlarge the maximum value
of the gap but also makes the diquark condensates show up at
4FIG. 1. The effective quark mass as a function of the chemical po-
tential at zero temperture. The effective quark mass start to fall at
µ = 268, 292, 311, 324, 333, 337 MeV with increase of α from 0.4
to 0.5.
FIG. 2. The color superconducting gaps as a function of the chem-
ical potential at zero temperature are exhibited. The values of
these gaps appear at µ = 268,292,311,324,333,337 MeV with α
ranging from 0.4 to 0.5. The maximum values of these gaps are
245, 216, 219, 170,150, 132 MeV with different α’s.
smaller a chemical potential. Physically, the particle number
density should show up at µ ≈ 313 MeV, which is model-
independent [28], where the nucleon is formed. But when the
α is small enough, the color superconducting gaps show up at
µ < 313 MeV, hence unrealistic. Meanwhile, when α is too
large, the diquark condensates are too small to observe. It is
apparent that the stronger intensities of the diquark conden-
sate make the declining parts of the effective quark mass take
place at smaller chemical potentials. Besides, the thermody-
namic potentials are also reduced by the diquark condensate
due to ω2± = E2± + ∆2. For an analogy to the BCS theory,
it means that the diquark condensate which has SU(2) color
symmetry are related to a new state. Therefore, we take color
superconducting gaps ∆, corresponding to the diquark con-
densate, as the order parameter of the color superconducting
phase transition. From Eq. (23), the color superconducting
gaps as the function of the chemical potential grow rapidly at
the beginning and keep relatively steady with the increase of
chemical potentials.
FIG. 3. The particle number density of red/green quarks as a function
of the chemical potential.
The quark-quark interaction channels in the Lagrangian in-
dicate the red/green quarks behave quite differently with the
blue quarks, because of the dynamical breaking of color sym-
metry from SU(3) to SU(2). To see how quarks with differ-
ent colors act, the particle number densities are essential. In
Fig. 3 and Fig. 4, the particle number density of the red/green
quarks and blue quarks are presented respectively. It shows
that the smaller α which indicates larger diquark condensate
lower the energy per quark, which makes the particles much
easier to excite from the vacuum. As a result, the particle
number densities will appear at very small chemical poten-
tials. In addition, the influence of the diquark condensate on
red/green quarks is much more evident than that on blue quark
at medium chemical potential values. At higher chemical po-
tentials, the influence of the α on quarks become insignificant
for µ > 600 MeV. This is due to the use of the three momen-
tum cutoff Λ = 631 MeV in this paper, which specifies the
scope of adaptation of the effective theory of this paper.
5FIG. 4. The particle number density of blue quarks as a function of
the chemical potential.
FIG. 5. The baryon number density of quark matter as a function of
the chemical potential. Here are two dashed lines which represent
the region between 2n0 and 4n0
The total densities of all three colors of quarks allow us
to fit the experimental data of the nuclear saturation density,
n0 = 0.16 fm−3. The baryon number density of quark matter
is defined:
nB =
1
3
(nr+ng+nb), (29)
where nB represents the baryon number density of quark mat-
ter. It is usually believed that the phase transition from
hadrons to the deconfined quarks undergoes several regions
[29]. For nB < 2n0, the dominating interactions are through a
few exchanges of quarks and mesons, and the hadron degree
of freedom is reliable at low densities. For 2n0 < nB < (4 ∼
7)n0, the many-quark exchanges occur and the hadron system
is gradually percolated to the quark matter. For nB > (4 ∼
7)n0, the description of the quark degree of freedom is valid
and quarks are no longer confined in hadrons. The 2n0 and
4n0 are plotted as the two horizontal dotted lines in Fig. 5. Ne-
FIG. 6. The chiral susceptibility of chiral condensate of red/green
quarks.
FIG. 7. The chiral susceptibility of chiral condensate of blue quarks.
glecting the diquark condensate which corresponds to the line
of α = 1, the chemical potential ranges between 400 MeV <
µ < 500 MeV for the region 2n0 < nB < 4n0. After we take
the diquark condensate into consideration, the baryon densi-
ties nB ∼ 2n0 is in the range between 300 MeV and 350 MeV.
Finally, for the most stable atomic nucleus, 56Fe, the baryon
number density should appear at µ ∼ 313 MeV. Therefore, the
parameter α is constrained to be over 0.44.
To study the order of chiral phase transition, we look into
the chiral susceptibilities [21, 30, 31],
χr =
∂σr
∂mr
, (30)
χb =
∂σb
∂mb
, (31)
where mr and mb represent the current quark mass of
red/green and blue quarks respectively. The chiral suscep-
tibility provides many useful information, as shown in Fig. 6
and Fig. 7. First, the curves of chiral susceptibility show that
6the chiral transition takes the form of a crossover. Although
in some studies [15, 32, 33] the transition is a first order phase
transition, it is found that when the vector interaction is strong
enough, the first order phase transition turns to the crossover
[15, 21]. Second, the position of peak shifts toward smaller
chemical potential as the parameter α decreases. Meanwhile,
the maximum value of peaks of chiral susceptibilities of red
or green quarks are prominently influenced by α . This is be-
cause the gap equations Eq. (19) and Eq. (21) show that red
or green quarks are directly affected by diquark condensates
∆, while that of blue quarks from Eq. (20) and Eq. (22) are
only indirectly connected. Interestingly, by comparing Fig. 5
and Fig. 6, one finds the chiral crossover transition point lies
near the area when baryon number densities reach 2n0, where
hadron system starts to percolate to the quark matter. Finally,
we remark that for smaller α ′s, there exists a plateaus before
the peak of the chiral susceptibility in Fig. 6 and Fig. 7, which
is connected with an underlying phase transition of color sym-
metry breaking, as will be addressed below.
FIG. 8. The color superconducting susceptibility.
To study the color superconducting phase transition, the in-
teractions between the external field and quark matter are in-
cluded,
1
2
F
[
q¯cγ5τAλA′q+ q¯γ5τAλA′qc
]
, (32)
where F represents an external field related to the color su-
perconductivity, which is the conjugate variable of diquark
condensate. We define the susceptibility of color supercon-
ductivity:
χs = lim
F→0
∂ 〈q¯cγ5τAλA′ q〉
∂F
. (33)
The susceptibilities of color superconductivity are shown in
Fig. 8. These susceptibilities are numerically extremely sharp,
and are actually diverging at the transition point, so the
color superconducting phase transition is of the second-order.
These peaks are at µs = 267, 292, 310, 323, 332, 336 MeV,
which agrees with results in Refs. [13, 14], corresponding
to the starting point of plateaus of chiral phase transition at
µc = 268, 292, 312, 324, 334, 338 MeV in Fig. 6 and Fig. 7
. Therefore, the plateaus of chiral susceptibilities indeed in-
dicate the color superconducting phase transition. In conclu-
sion, we find that the cold dense matter will undergo color
superconducting phase transitions first and then transit to the
state with chiral symmetry partially restored as the density in-
creases.
IV. CRITICAL TEMPERATURE
We have shown that diquark condensate makes quark mat-
ter a more stable state at zero temperature. Next, we consider
the case at finite temperature. In BCS theory, the supercon-
ductivity is observed after the samples are cooled down to
a certain critical temperature. One naturally wonders about
the case in the color superconductor. Therefore we employ
Eq. (17) at finite temperature. The color superconducting gaps
at different temperatures are shown in Fig. 9 to Fig. 11 with
three cases of the parameter α = 0.5, 0.46 and 0.42 respec-
tively, which agree with the perturbative result ∆ ≈ 0.57Tc
[34, 35], where Tc is the critical temperature and ∆ is the color
superconducting gap at zero temperature (the grey dash lines
ploted in Fig. 9 to Fig. 11). As the temperature goes up, the
color superconducting gaps decreases. The maximum temper-
ature labeled in the diagrams are the critical temperatures of
color superconductivity. When the temperatures exceed the
critical point, the color superconducting gaps vanishes.
FIG. 9. The color superconducting gaps as a function of the chem-
ical potential with α = 0.50, and the grey dash line represents the
perturbative maximum color superconducting gap at zero tempera-
ture, corresponding to the critical temperature Tc = 69 MeV.
7FIG. 10. The color superconducting gaps as a function of the chem-
ical potential with α = 0.46, and the grey dash line represents the
perturbative maximum color superconducting gap at zero tempera-
ture, corresponding to the critical temperature Tc = 88 MeV.
FIG. 11. The color superconducting gaps as a function of the chem-
ical potential with α = 0.42, and the grey dash line represents the
perturbative maximum color superconducting gap at zero tempera-
ture, corresponding to the critical temperature Tc = 112 MeV.
V. SUMMARY AND CONCLUSION
In this paper, we discuss the chiral transition and color su-
perconducting transition of cold dense matter at high den-
sity. The self-consistent NJL-type model is employed, and
the Lagrangian is Fierz-transformed into two different chan-
nels, with a weighing factor α characterizing the partition.
The chiral condensate and diquark condensate are obtained,
corresponding to chiral transition and color superconducting
transition. As an analogy to the superconductivity, the color
superconducting gap decreases thermodynamic potential and
leads to the color superconducting state. By introducing an
external field, the susceptibility of color superconducting is
employed. The superconducting transition turns out to be
of second-order, and we find the chiral phase transition hap-
pens after color superconducting transition as the system gets
denser. In the end, we study the color superconductor at fi-
nite temperature and find the critical temperatures of the color
superconductor may reach around 88 MeV (corresponding to
α = 0.46).
Finally, we remark on the role of parameter α . The α is
set to measure quark-quark interaction channels and quark-
antiquark interaction channels. With the decrease of the α ,
diquark condensate associated with quark-quark interaction
channels are stronger, and therefore easier to form color su-
perconductivity. The original Lagrangian is not influenced
by α , but the mean-field approximation brings a difference.
Hence, α can only be determined by experiments. At present,
we have shown that the α should be no less than 0.44, which
leads to nonvanishing baryon number density that emerges at
µc≈ 313 MeV. More accurate constraints require observations
and evidence from condense QCD matter such as compact
stars. For example, the x-ray and pulsar observations provide
the measurements of the radius and the mass of compact stars
respectively. Besides, the tidal deformability is constrained
from the gravitational wave observation as well. These as-
tronomical observations restrict the equation of state of quark
matter to be neither too stiff nor too soft, which in turn con-
strain the range of weighting factor α . It should be noted that
compact stars are expected to have electric and color charge
neutrality. Thus these neutral conditions should be taken into
consideration to satisfy the astronomical observations for fur-
ther researches.
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